Abstract. Let R k (n) be the number of representations of an integer n as the sum of a prime and a k-th power for k ≥ 2. Furthermore, set E k (X) = |{n ≤ X, n ∈ I k , n not a sum of a prime and a k-th power}|.
Introduction
Let R k (n) be the number of representations of an integer n as the sum of a prime and a k-th power, let ρ k (p, n) be the number of solutions m to the congruence m k − n ≡ 0 (mod p) where 1 ≤ m ≤ p, and let I k denote the set of all natural numbers n such that x k − n is irreducible in Q [x] . In this paper, we consider the following conjecture for an integer k ≥ 2 and p prime, Conjecture 1.
log n where (provided that n ∈ I k )
Let E k (X) be the exceptional set for the number of solutions to the equation n = p + m k , and is defined for an integer k ≥ 2 as E k (X) = |{n ≤ X, n ∈ I k , n not a sum of a prime and a k-th power}|.
Hardy and Littlewood [4] conjectured that for k = 2 and k = 3,
In 1937, Davenport and Heilbronn [5] proved that Conjecture 1 holds for almost all natural numbers. In fact, they showed that (1.0.1) E k (X) ≪ k X log −c(k) X for some c(k) > 0. In 1968, Miech [16] proved that (1.0.1) holds for arbitrary c(k) > 0. Brünner, Perelli, and Pintz [14] significantly improved this result for k = 2 to prove that there exists an effectively computable constant δ (along with its implied constant) such that E 2 (X) ≪ X 1−δ . Zaccagnini [1] generalized this result for k ≥ 3 and hence proved that E k (X) ≪ k X 1−δ(k) where δ(k) and the implied constant are effectively computable. For k = 2, Wang [18] made the computation of δ more rigorous and proved, E 2 (X) ≪ X 0.99 .
The exponent on E 2 (X) has been subsequently improved by Li [9] to 0.982. Some work has been done in an attempt to the verify the asymptotic formula for R k (n) in Conjecture 1. Miech [16] proved for k = 2 that (1.0.2) R 2 (n) = S 2 (n) n 1/2 log n 1 + O log log n log n holds for all but O(X(log X) A ) positive integers n ≤ X with any fixed A < 0. Kawada [12] extended this result for k ≥ 3 to prove that (1.0.3) R k (n) = S k (n) n 1/k log n 1 + O log log n log n holds for all but O(X(log X) A ) positive integers n ≤ X with any fixed A < 0. It is important to note that due to the possible existence of the Siegel zero, both (1.0.2) and (1.0.3) seem to be at present the best possible results. In this paper, we obtain the following Corollary 2. For a fixed k ≥ 2 and 0 < n ≤ N ,
(1.0. 4) holds for all integers, where ρ k (p, n) is the number of solutions m to the congruence m k − n ≡ 0 (mod p), 1 ≤ m ≤ p, u ≥ 1, X 1/u ≥ 2, and the O constants depend at most upon the degree and coefficients of R k (n).
In the last section of this paper, we also briefly outline new methods that can significantly improve Theorem 3 to
We intend to present an explicit and rigorous proof of (1.0.6) in a later paper.
Proof of Corollary 2
Let A stand for a general integer sequence to be "sifted" and let P stand for a "sifting" set of primes. Moreover, S(A ; P, z) is a sifting function where z ≥ 2 is a real number. In the case of the present problem, we are sifting the set of numbers n − m k in order to estimate how often it is prime. The appropriate method we will utilize is to obtain a Selberg upper bound for S(A ; P, z). Typically, an upper bound produced by Selberg's method is of ≪-type; however, by incorporating several ingenious theorems of Halberstam and Richert [7] , we can yield more explicit estimates. We should note that although Corollary 2 can be easily derived from [7] , neither the problem of the sum of a prime nor the problem of the sum of a prime and a k-th power is dealt with in [7] .
The sequence that is to be sifted for 1 < Y ≤ X is
be distinct irreducible with integral and positive leading coefficients where
. Let ρ(p, n) denote the number of solutions to the congruence
and let X and Y be real numbers satisfying
Proof. Lemma 4 is essentially Theorem 5.3 of Halberstam and Richert [7] .
Remark 2.0.1. It is important to note that the O constant in (2.0.7) is independent of X and Y , but it may depend upon the degrees and coefficients of F .
We take
and ρ k (p, n) to denote the number of solutions to the congruence
with n constant for the purposes of the congruence. Hence, we obtain from Lemma 4,
Thus, our Corollary 2 follows.
2.1. Notation. We introduce the following nomenclature: e(x) = e 2πix , e q (x) = e(x/q); p is a prime number; ϕ(n) is Euler's totient function; µ(n) is Möbius' function; ω(n) = p|n 1; cond χ is the conductor of the Dirichlet character χ; log j X denotes the j-fold iteration of the natural logarithm; |A| is the cardinality of set A; ǫ denotes a sufficiently small positive integer; X, T, P , and Q will denote large positive numbers; the implied effectively computable constants in the ≪ and O-notations depend at most on k; χ 0,q denotes the principal character mod q; and let ρ = β + iγ denote the zeros of the L-functions. We set
τ (χ) = a(q) χ(a)e q (a) is the Gauss sum, where
Furthermore,
For brevity's sake, we shall sometimes omit the suffix k from our functions.
2.2.
Dissection of the Unit Interval. We need the following Lemma 5. For a sufficiently large positive number P , all the functions L(s, χ) with primitive character χ modulo q ≤ P , except for a possible exceptional one, have no zero in the region
If the exceptional function L(s,χ) exists,χ must then be an exceptional character modulor,r ≤ P , and L(s,χ) has a real zeroβ (known as a Siegel zero relative to P ) which satisfies
Proof. Apply Lemma 2 of Li [10] .
Let N (χ, α, T 4k−7 ) denote the number of zeros of L(s, χ) in D, and
Lemma 6. Let T 4k−7 = P 4k−7.9999 , and if N * (α, P, T 4k−7 ) and α = 1 − λL −1 are defined as in (2.2.1) and (2.2.3), then
Proof. Lemma 6 is a generalization to k ≥ 2 of Lemma 3.2 of Li [9] . 
Proof. Lemma 7 is Lemma 3.3 of Li [9] .
Lemma 8. Suppose that the exceptional primitive real characterχ modr exists and the exceptional zerõ β of L(s,χ) satisfiesδ log P ≤ 0.239 whereδ = 1 −β. Let χ q be a primitive character mod q and let
Proof. Lemma 8 is Lemma 9 of Li [10] . Let (2.2.6)
We define the P 1 -excluded zeros as the zeros of the function L(s, χ), where χ is any primitive character mod q, q ≤ P 1 , lying in the region
where the possible Siegel zero is excluded. Next, define the P 1 -excluded characters as the primitive characters χ mod r for r ≤ P 1 , such that L(ρ, χ) = 0, where ρ is a P 1 -excluded zero. The P 1 -excluded moduli are the moduli of the P 1 -excluded characters. From Lemma 7 it follows that
and as a result,
From now on we shall utilize the following nomenclature:
(2.2.10) S = {Siegel character (relative to P )}, S ′ = {Siegel zero (relative to P )}.
For q ≤ P and gcd(a, q) = 1 we let M (a, q) denote the major arc
Note that the major arcs are non-overlapping. Set
Furthermore, let m denote the minor arcs,
We have
It is clear that r 1 (X, n) and r 2 (X, n) are real since the sets M and m are even mod 1.
Arithmetic Lemmas.
In this section and the next section, we incorporate the methods of Zaccagnini [1] which largely follow from the arguments of Brünner, Perelli, and Pintz [14] . Lemmas that are stated without proof are already proven by Zaccagnini [1] . Note that in this section and the next section, our estimates are not the sharpest known ones, but will be sufficient for the purposes contained herein.
Lemma 9. Let gcd(q 1 , q 2 ) = 1, and χ i be characters mod q i . Then
Proof. This lemma follows from the Chinese Remainder Theorem.
Lemma 11. Let χ mod q be induced by χ * mod r. Then
Proof. This lemma follows from Lemma 5.2 of [8] and [6, (9) ] of §9.
Lemma 12. Let χ mod q be a primitive character. Then
Proof. This lemma follows from Lemma 5 of Brünner, Perelli, and Pintz [14] .
Lemma 14. Let χ mod r be a primitive character. Then we have, for P > r and n ∈ [(99/100)X, X]
Analytic Lemmas.
Lemma 15. Let gcd(a, q) = 1. Then
If P < q ≤ Q and |η| ≤ 1 qQ then for a suitable constant θ = θ(k) > 0,
Proof. The first and second inequalities follow from Lemma 3 of [11] and Lemma 2.4 of [15] , respectively.
Lemma 16. For any integer s ≥ ck 2 log k; where c is a suitable absolute constant, we have
Proof. This lemma is Lemma 1 of Gallagher [13] .
Lemma 19. Let |γ| ≤ X qQ and
Proof. This lemma is Lemma 12 of Brünner, Perelli, and Pintz [14] .
Lemma 20. Let
Then there exists a positive constant c 5 such that
Proof. This proof is essentially the same as the proof of Lemma 14 of Brünner, Perelli, and Pintz [14] .
Lemma 22. Let s be as in Lemma 16 and λ = 
Lemma 23. Let n ∈ [(99/100)X, X] and let c 7 ≤ 1 be a constant. Then there exists a positive constant c 6 which depends on c 7 such that for X sufficiently large,
2.5. The Minor Arcs. From Bessel's inequality and the prime number theorem we can derive an upper bound for the contribution of minor arcs as such,
Hence from Lemma 15 we derive (2.5.1)
2.6. The Major Arcs. We now consider the integral on the major arcs. For a ∈ M (a, q), we write α = a q + η, gcd(a, q) = 1, q ≤ P . As in §6 of Brünner, Perelli, and Pintz [14] , we define W (χ, η) as follows (2.6.1)
From Lemma 15 it follows (2.6.3)
where
By substituting (2.6.2) and (2.6.3) into the definition of r 1 (X, n), r 1 (X, n) = q≤P a(q) * e q (−an)
2.7. Estimate of S 1 . From the previous section, we have
By Lemma 10, Lemma 13, and Lemma 22 the size of the error term is
we have by (2.7.1) and (2.7.2), (2.7.3)
Using the same arguments as §9 of Brünner, Perelli, and Pintz [14] and using (2.8.1), we obtain (2.8.3) 
As a result,
By Lemma 7 we derive, (2.8.5)
If a Siegel zero exists,
(2.9.1) S 3,1 will be treated as a secondary main term and S 3,2 will be treated as an error term. By (2.2.7) and arguing as in §7 of Li [9] ,
As in Brünner, Perelli, and Pintz [14, (22) , (23)] and by (4.2) we have |E ′ | ≪ (log X) 4k−8 , and thus arguing as in §7 of Li [9] , (2.9.3) S 3,2 ≪ X 1/k P −4k+7.9999 .
As a result, (2.9.4)
2.10. Estimate of S 4 . As in §5 of Li [9] we have
(2.10.1)
Collecting the estimates in §3.7- §3.10, we obtain that ifβ does not exist or G ≥ (log X) −0.59 then
(2.10.3)
2.11. The Singular Series: Small Moduli. In this section and the next, we deal with the singular series S n, P r , r , where r = 1 or r is an excluded or Siegel modulus. The size of the exceptional set in our problem is heavily dependent upon the size of P/r. In other terms, in order to obtain an exceptional set of cardinality ≪ X 1−181 log 2/1250k 3 log k we must have P/r > X δ1 , for a suitable constant δ 1 . By Li [9, (4. 3)], we have for X sufficiently large (2.11.1) P/r ≥ exp (log X) 0.016 .
Therefore we set P * = P ν , ν = ν(k) ∈ [0, 1] to be selected later, and deal with the values of r ≤ P * in this section.
Set F = {1, r ≤ P * , r is an excluded or Siegel modulus }.
By Lemma 9 and Lemma 10 we obtain
Define the multiplicative function of q as
By Lemma 4.3 of Vaughan [15] ,
.
We shall write R = P/r. As in §8.6 of Vaughan [15] , S(n, R, r) will be approximated with a segment of the product (1 + A(n, p, r)). In order to accomplish this task, we set
and commence by first estimating
where V = exp (log P ) 1+ξ , and ξ is a suitable positive real number which we shall choose later. By (2.11.2), (2.11.3), and the multiplicavity of A, we have for q ∈ D and ψ > 0, (2.11.6) A(n, q, r) =
ξ , and set b(χ) = c(χ) if q ∈ D, R < q ≤ V , and b(χ) = 0 if otherwise. By (2.11.5) and (2.11.6), we get
By Hölder's inequality we have for any r ∈ F (2.11.9)
. By Zaccagnini [1, (12.8) ], the right-hand side of (2.11.9) is ≪ X log(X j e)
(2.11.10)
By choosing ξ = 0.1 and summing j = 1, · · · , (log P ) ξ and r ∈ F we thus obtain from (2.11.9) and (2.11.10),
As a result, we have proven that |{n ∈ [(99/100)X, X] such that there is an r ∈ F in which F (n, r) ≥ X −δ3 }| ≪ X 1−δ3 , for a suitable constant δ 3 = δ 3 (k, ν) > 0. Applying (2.2.8) to §2 and §8 of Plaksin [17] and taking φ(x, y) = xy in Theorem 2 of Plaksin [17] , we may take δ 3 > 181 log 2/1250k 3 log k. Therefore, for all n ∈ [(99/100)X, X] with ≪ X 1−181 log 2/1250k 3 log k exceptions, (2.11.11) F (n, r) ≪ X −181 log 2/1250k
for all r ∈ F. We now move on to estimate (2.11.12) G(n, r) = q>V q∈D |A(n, q, r)|.
Since by (2.11.2) and (2.11.3),
we have
However, (2.11.14)
Hence from (2.11.13) and (2.11.14), we get
From (2.11.11) and (2.11.15) we have for all but ≪ X 1−181 log 2/1250k
3 log k integers n ∈ [(99/100)X, X], and all r ∈ F (2.11.16)
We end this section by noting that by Lemma 10 and Lemma 13, for all n we obtain
2.12. The Contribution of Large Moduli. The goal of this section is to demonstrate that the contribution to the estimate of r 1 (X, n) in §3.10 of the excluded or Siegel moduli larger than P * can be neglected for all n ∈ [(99/100)X, X] but an exceptional set. In order to carry out this approach, we need a sharper estimate for T (χ, r, n) than the one in Lemma 12. From Zaccagnini [1, (3.1)], we obtain (2.12.1)
In order to estimate σ(r, χ, n) we have Lemma 24. Let χ mod r be a primitive character. Then for all but ≪ Xr −3/8 integers n ∈ [(99/100)X, X] we have
uniformly for r ≤ X/100.
Proof. Lemma 24 is essentially Lemma 13.1 of Zaccagnini [1] .
Now we can estimate the contribution of the excluded or Siegel moduli larger than P * . From Lemma 24 and (2.2.7) it is evident that for all but ≪ X(P * ) −1/4 integers n ∈ [(99/100)X, X] we have that
holds for all excluded of Siegel moduli r ∈ [P * , P ]. By Zaccagnini [1, (13.9 )], we get that (2.12.4)
holds for all but ≪ XP −0.2 integers n ∈ [(99/100)X, X].
2.13.
Proof of the Main Theorem. We need two more lemmas.
Lemma 25. For all but ≪ X 1−181 log 2/1250k 3 log k integers n ∈ [(99/100)X, X] and all r ∈ F − {1}, we have
where χ is a primitive character mod r.
Proof. Apply Lemma 14.1 of Zaccagnini [1] .
Lemma 26.
Proof. Lemma 26 is Lemma 14.2 of Zaccagnini [1] .
From (2.5.1) and Lemma 4.1 of Li [9] we get for setting θ = 2 · 10
which holds for every n ∈ [(99/100)X, X] − C(X) where, as in (8.6) of Li [9] ,
By (2.10.2), (2.10.3), and (2.12.4), we have for every n ∈ B(X),
T (χ, r, n)S n, P r , r
Keep in mind that the term containing the Siegel zero must be deleted wheneverr > P * = P 4/5 orr does not exist. From (2.11.16) and Lemma 25 and Lemma 26 we obtain that (2.13.6)
for r ∈ F − {1} if P is sufficiently large. Hence from Li [9, (8.23 )] (which is analagous to Lemma 23) and (2.13.5)-(2.13.7), for all n ∈ B(X) we obtain that
(2.13.8) then we can describe the set E 0 (X) ⊆ [1, X] as satisfying
We can consider the set E 0 (X) as a "black box" that contains the exceptional set E (X). A more precise method would be to have two sets E 1 (X) and E 2 (X) that depend upon X with (3.0.16) E 0 (X) = E 1 (X) ∪ E 2 (X).
Although the structure of E 2 (X) is rather onerous to define, we will have to show that it is a thin set. However, the structure of E 1 (X) can be determined. Essentially, it is a union of a bounded number of arithmetic progressions which may vary for X → ∞ but their number will remain below an absolute constant. These differences lie in a relationship with moduli r i of primitive characters χ i , in which the L-functions vanish in the rectangle (3.0.17)
for absolute constants C 1 > 0 and C 2 > 0. Our method will utilize the circle method as described in §3.2, and r k (X, n) will be decomposed into major and minor arcs as described in §3.5 and §3.6. Although in general there is no precise method in evaluating the contribution of minor arcs, an estimate of the average of |r 2 (X, n)| is sufficient for estimating the set E . As demonstrated in §3.5, this average can be computed by Parseval's identity, yielding (99/100)X≤n<X r 2 (X, n) 2 ≪ X 1+2/k P 2θ log X.
The difficulty that now comes about is that what the largest value of P can be to guarantee an asymptotic evaluation for r 1 (X, n) with the most optimal error term. As demonstrated in [11, (15.11) ], for an arbitrary positive constant A, Siegel's theorem yields (3.0.20) P = (log X) A .
Furthermore, for a small constant δ = δ(k) > 0, the deep theorem of Gallagher shows a strong uniform distribution of primes in all arithmetic progressions with differences q ≤ X δ(k) . As a result, (3.0.21) P = X δ(k) , thereby re-substantiating Zaccagnini's result [1] that E k (X) ≪ k X 1−δ(k) . Pintz [11] also shows that for sufficiently large constants H and T , it is possible to obtain an exact evaluation of the effect of all exceptional zeros 
